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ABSTRACT 

We construct the hyperkahler cones corresponding to the quaternion-Kahler 
orthogonal Wolf spaces S o^x~so(4) anc ^ their non-compact versions, which 
appear in hypermultiplet couplings to N = 2 supergravity. The geometry is 
completely encoded by a single function, the hyperkahler potential, which we 
compute from an SU{2) hyperkahler quotient of flat space. We derive the 
Killing vectors and moment maps for the SO(n + 4) isometry group on the 
hyperkahler cone. For the non-compact case, the isometry group SO(n, 4) 
contains n + 2 abelian isometries which can be used to find a dual description 
in terms of n tensor multiplets and one double-tensor multiplet. Finally, using 
a representation of the hyperkahler quotient via quiver diagrams, we deduce 
the existence of a new eight dimensional ALE space. 
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1 Introduction 



Quaternion-Kahler (QK) manifolds have recently attracted a lot of attention in the context 
of TV = 2 gauged supergravity, both in four and five spacetime dimensions. In particular, 
those with negative scalar curvature appear as target spaces for N = 2 hypermultiplets 
coupled to supergravity |J. The homogeneous QK spaces G/H are classified by Wolf and 
Alekseevskii [^]; the compact ones are given by the three infinite series 

MP(n) = ^ + X(n)= SU{n + 2) Y(n) = S ° {n + A) (11) 

[U) Sp(n) x Sp(lY W SU(n) x 17(2)' { ' SO{n) x 50(4) ' 1 > 

of dimension 4n, and the five exceptional cases 

G2 F4 E e E 7 E 8 ,^ ^ 



50(4)' 5p(3) x Sp(iy SU(6) x Spzn(12) x S'p(l)' £ 7 x S'p(l) ' 

of dimensions 8, 28, 40, 64 and 112 respectively. Their non-compact versions have negative 
scalar curvature and hence are relevant for supergravity applications. For low dimensions, 
there are relations between these spaces: the four-sphere Y(l) = EDP(l), and Y(2) = X(2). 
These isomorphisms are discussed in more detail below. 

A complete classification of QK spaces does not exist. Because their Sp(l) curva- 
ture does not vanish, and their quaternionic two-forms are not closed, QK spaces are 
rather difficult to deal with. This complicates the study of hypermultiplet couplings to 
supergravity, which arise in the low energy effective action of type II superstring com- 
pactification on Calabi-Yau threefolds ||. In this paper, we focus on the Y{n) spaces. 
Their noncompact versions 

Y(n) - S ° {nA) (1 3) 

describe the classical moduli spaces of type II Calabi-Yau compactifications down to four 
dimensions, either as dual quaternionic spaces from the c-map ||, or from dualizing n 
tensor multiplets and a double-tensor multiplet f|. 

Vector multiplet couplings to iV = 2 supergravity are geometrically much simpler. 
The scalar fields of the vector multiplets parametrize a special Kahler geometry in d=4 
H and a very special real geometry in d=5 0. Both these geometries are completely 
determined in terms of a single function from which the target space metric, and other 
geometrical quantities, can easily be computed. It is desirable to have a similar description 
for QK manifolds, such that the whole geometry is encoded by a single function of the 
hypermultiplet scalars. Such a description was first given in the mathematics literature, 
where it was shown 0, that to every An dimensional QK manifold one can associate a 
4(n + 1) dimensional hyperkahler manifold which admits a conformal homothety and an 
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isometric Sp(l)-action that rotates the three complex structures into each other. The 
conformal homothety \ A satisfies 

D AX B = 52, (A,B = l,...,4n) , (1.4) 

such that locally \a = QaX- The function \ is called the hyperkahler potential and the 
metric is 

9ab = Da9bX ■ (1-5) 

Such a manifold is a hyperkahler cone (HKC) over a base which is an Sp(l) fibration over 
a QK space |7|, |[. 

It was later anticipated in ||, and shown explicitly in [UJ how this connection 
is precisely realised in the conformal calculus for hypermultiplets. The transition from 
the HKC to the QK space is called the N = 2 superconformal quotient, and is associated 
with eliminating the compensating hypermultiplet by an SU(2) quotient and gauge-fixing 
combined with a reduction along the homothety. The simplest QK manifolds are the 
quaternionic projective spaces HIP(n). Galicki has shown that the X and Y series can be 
obtained from these by performing quaternionic U(l) and SU(2) quotients, respectively 
]l2j. It is interesting to study these spaces in terms of the corresponding HKC's. The HKC 



of HP(n-l) is simply W 1 = C , and the explicit construction of the HKC of X{n-2) is a 



£7(1) hyperkahler quotient of H" [fLl |. In Section 2 of this paper, we derive the hyperkahler 
potential X f° r the orthogonal Wolf spaces Y(n — 4) by performing an SU(2) hyperkahler 
quotient on HP. The action of the SU(2) on the coordinates of EI" can be deduced from 
Galicki's quaternionic quotient |L2| because the diagram in Figure 1 is commutative J7|. 
Hence quaternionic quotients between the QK manifolds lift to hyperkahler quotients 
between the corresponding HKC's. We also write down the moment maps and Killing 
vectors for the SO(n) isometry group on the HKC. These appear in the scalar potential 
of gauged N = 2 supergravity. 

In Section 3 we consider the three special cases for which the hyperkahler potential of 
the HKC of Y(n - 4) is known: n = 4, where the HKC of Y(0) is IR 4 , n = 5, where the 
HKC of Y(l) is R s and n = 6, where the HKC of Y{2) is the HKC of X{2). We check 
our calculation by showing that each of these special cases agrees with the known results. 

In Section 4 we construct the dual description of the HKC of the non-compact version 
Y(n) in terms of n tensor multiplets and a double tensor multiplet. This tensor multiplet 
description naturally appears in type IIB compactifications. 

In Section 5 we show how the hyperkahler quotient can be lifted to N = 2 superspace. 



Once we have this description, we can use the techniques of |I4[ to write down the quiver 
diagrams for the HKC's of Y(n). This point of view allows us to infer the existence of a 
new 8-dimensional ALE space. 
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HKC(X) 



u(l) 



c 2n =H r 



su(2) 



-12 



HKC(Y) 



X(n-2) 



u(l) 



HP(n-l)- 



su(2) 
-12 



Y(n-4) 



Figure 1: The horizontal arrows stand for hyperkahler quotients (upper), and quaternionic quotients 
(lower). The vertical arrows denote the superconformal quotients. The numerical label of each arrow 
denotes the change of the number of real dimensions accompanying the corresponding quotient. 



Our long term goal is to understand the nonperturbative corrections to quaternionic 
geometries; we expect that these are most easily computed in terms of the hyperkahler 
potential x- We also note that HKC's appear as moduli spaces of Yang-Mills instantons 
fllEl , [16| , e.g., the homogeneous QK G/H manifolds determine the one-instanton moduli 
spaces with gauge group G and stability group H. This suggests a connection between 



the moduli spaces of Calabi-Yau manifolds and Yang-Mills instantons [16 



2 The SU(2) Quotient 



In this section, we explicitly perform the non-abelian hyperkahler quotient from H™ = R 4n 
to the HKC of Y(n — 4), n > 4. For simplicity, we do the analysis for the compact case; 
the non-compact case is very similar and we give the final result at the end of this section. 
The space H" is flat, and has an isometry group SO(n) which is linearly realized on the 
n quaternions 



z¥ -z M 



<r"= I z + m - z m I • 1 " <^> 

Clearly, H n is itself an HKC with hyperkahler potential (or equivalently, N = 1 superspace 
Lagrangian) 

X (IF) = |Tr (q M q ]M ) = z™z™ + z*fz" , (2.2) 

where a sum over repeated indices is understood. The closed hyperkahler two-forms on 
HP are 

Q 3 = -i Uz™ A dzf + dz M A dz M ) , Q + = dz™ A dz™ , Q- = (Q + )* , (2.3) 
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such that the SO(n) isometries q M — > M n Q N are triholomorphic. 

The infinitesimal S7J (2) action that we quotient by can be deduced from the quater- 
nionic quotient in ]I2] ; it acts by left multiplication on each quaternion, with correspond- 
ing Killing vector fields on HP 

3 ~ + dzf - dz M + dzf + - dz™ ' 
M d _ M d 



Q Z M + Q^M > 

k = z M —-z M — (2 4) 

+ dz M - dzf ■ [ } 

Hence, for each M, (z + , zJ) transforms as an SU{2) doublet^ 

5z± = X l kiZ± , i = 3, +, — 

5z + = i\ 3 z + — X + z_ , 5z + = —i\ 3 z + — \~z_ , 

5z_ = -i\ 3 z_ + \~z + , 5z- = i\ 3 z- + \ + z+ . (2.5) 

This isometry group is also triholomorphic^ and commutes with SO(n). 

The components of the corresponding triplets of moment mapsQon HP are, for 577(2), 

/if = — (^z + ■ z + — z_ ■ z_, i z_ ■ z + , —i z + ■ z. 

fjf = ( - iz+ ■ z.., \z_ ■ z_, \z+ ■ z+) , = (im+Y , (2.6) 

and for SO(ri) (with antihermitian generators Tj) 

^ = -^(^Tj^) + (z_T/^_)J , /if = (z+Ttf-) , ^7 = (/ij)* . (2.7) 

As indicated by these formulae, we sometimes suppress indices in inner products and 
bilinear forms on HP to simplify the notation. 

The SU{2) hyperkahler quotient requires setting the moment maps ( |2.6|) to zero. 
Hence the independent set of constraints are the non-holomorphic ones 

z + ■ z + = z_ ■ z_ , z + ■ z_ = , z^ ■ z + = , (2.8) 



1 Ordinarily, in a hypermultiplet the N = 1 chiral superfields z + and z_ transform in conjugate 
representations of the gauge group; however, since the spinor representation of SU(2) is pseudoreal, 
one may consider an action that mixes them |2C|| . In the literature, this is sometimes called a "half- 
hypermultiplet" . In section 5 we discuss a formulation in terms of full hypermultiplets that lifts to an 
N = 2 superspace description. 

2 This SU(2) should not be confused with the Sp(l) = SU(2) that rotates the complex structure and 
is used to perform the N = 2 superconformal quotient. Under its action (z+, z_) transforms as a doublet, 
which corresponds to right multiplication on each quaternion. 

3 We follow the conventions and notations of jy], |l^]; for each triholomorphic Killing vector field hi, 
there is a triplet of moment maps jlj — (fXj, /if , A*J). 
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and the holomorphic ones 
z + ■ Z- 



, 



z + ■ z + = 



Z- ■ Z- 







(2.9) 



To perform the quotient one has to solve ( |2.8|) and (|2.9| ), reducing the number of real 
coordinates by 3 + 6 = 9, and choose a gauge to fix the SU(2) gauge freedom, further 
reducing the number of real coordinates by 3; thus the dimension is reduced by 12 real or 
6 complex coordinates, consistent with the dimension of the HKC of Y(n — 4), namely, 
A(n — 3). In practice it is hard to solve all the constraints; as explained in [jllj, one 
may complexifyQ the gauge group (in our case SU(2) — > SX(2, C)) and solve just the 
holomorphic constraints, which are preserved by the complexified gauge group. This 
construction is completely natural in iV = 1 superspace, where the non-holomorphic 
constraints are solved for the N — 1 gauge fields. If we choose 3 complex gauge conditions 
and impose the holomorphic constraints, we see that we still reduce the dimension by 
12. The hyperkahler potential on the quotient space is found by gauging the N = 1 
Lagrangian for H™ and substituting the solution for the gauge fields. 

Recall that the hyperkahler potential for the flat space HP is ( [2.2|) . For each value of 
the index M the pair (z^,z^) is a doublet under the SU{2) which we quotient by (see 
r5|)). Hence we have n copies of the 2-dimensional represenation of 577(2) in ( |2.2j ). 
We introduce a gauge field e y , such that the gauged hyperkahler potential of HP is 
(], [TP], |TS[, see also section five and appendix B of (TTJ): 



X 



£ (*? ( 



M=l 



Z 



M 



(2.10) 



where ( e v 



is the 2x2 matrix of TV = 1 SU (2) gauge fields and hence is hermitian 
with determinant 1. The nonholomorphic constraints ( p.8|) (c.f. (|2.6| )) can be written as 



Ai? = (ff z M ) Ti 







3,+, 



(2.11) 



where Tj are the SU(2) generators normalized as 
The gauged nonholomorphic moment maps are 





(2.12) 



IS, 18 



( 



if zf) T, | e 



V 



z 



M 



. 



(2.13) 



4 The complexification of the gauge group means doubling of the number of generators (to the set 
of initial Killing vectors ki one adds the set J 3 ki, where J 3 is the complex structure determined by 



n 3 (X,Y) = g(J 3 X,Y)). 
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Solving (|2.13| ) for the gauge fields we find 



eM=, 1 -*-' Z+ \, (2.14) 

' y/(z+ ■ Z + )(Z^ ■ Z-) - (Z+ ■ Z-){Z- ■ Z + ) \ -Z+ • Z„ Z + ■ Z + " 

and hence the hyperkahler potential of the quotient is 



Xquotient — £y Z + Z + Z_ Z_ — Z + Z_ Z_ Z + , \ z - 10 ) 

with M, N still running from 1 to n. To find coordinates on the quotient we gauge-fix 
and solve the holomorphic constraints; we can choose 

z™=0, zT 1 = 0, z n - 2 = \. (2.16) 



Now the holomorphic constraints ( p.9|) can be easily solved: 



z n-2 = _ z a a «-l = { 



y/1 + z%z% , z n _ = iJz%z a _z\z h _ + ztzt , (2.17) 



where {z^_,z_}, a,b = l,...,n — 3 are the coordinates on the HKC of Y(n — 4). Thus 
the hyperkahler potential on the HKC of Y(n — 4) is given by Q2.15| ), subject to fl2.16| ) 



and (|2.17| ). Furthermore the dilatations act on z + and Z- with scaling weights and 2 
respectively, and the holomorphic two-form on the HKC is simply 

n+ = dzlAdz a L, a = l,...,n-3. (2.18) 

The gauge choice ( p. ICQ is legitimate, but not always the most convenient, as we see in 
the next section. 

The moment maps of the SO(n) isometry on the HKC can easily be computed from 
the SU(2) quotient of (|2.7| ). The SU(2) gauged SO(n) moment maps take a similar form 
to ([2.13Q , and eliminating the gauge fields yields 

= -((*- • Z-)(z+T I z+) - (z + ■ z_)(z_T lZ+ ) + (+ ^ -)) , 

= (z + T lZ _), VLT = (»tY, (2-19) 



subject to the constraints fl2.16| ) and ( p. 17\ ). 



The SO(n) Killing vectors on the quotient space can also be easily computed. On HP, 
the Killing vectors are simply k M i± = (Ti) M ^z± , but after the quotient we have to add 
local compensating SU(2) transformations to preserve the gauge conditions ( p.!6| ). We 
find 

jn-2 M _ ~M 

k I+ = (J/J N z + +(1 I ) N z + — (i/J nZ + z + , (2. 20) 

k Mj_ = {Ti) M nZ N _ {Ti) u n Z + Z ~ n Z - _ (Ti) n ~ X N + (Tj)»- V?^ • 



One can verify that they preserve (|2.16|) as well as (|2.17|) . 



These Killing vectors and moment maps form the main ingredients of the scalar po- 
tential on the HKC Performing the superconformal quotient leads to the Killing vectors 



and moment maps on Y(n — 4), which can be compared to those given in [|2T 



To end this section, we discuss the non-compact case; the QK space is now 

Y(n-A)= S0 ^~^) (221) 

The above formulae are modified by putting in a pseudo-Riemannian metric in the inner 

products: one starts with a metric r} M fi on H n ~ 4,4 of signature r/ M jv = diag( 

+ ■ ••+)• The metric then used in the products z a r] a iz b on the HKC of Y(n — 4) has 
signature rj a i = diag( — h ■ — h), such that, in our conventions, the metric on the QK 
space is positive definite.^ 



3 The Special Cases 

In this section, we give more details about the SU{2) gauge fixing, and compare our 
results with the known cases for n — 4, 5, 6. It is convenient to introduce the SU(2) gauge 
invariant variables (for all n), 

Z MN = Z M Z N _ Z N Z M (3 _ 1} 

The hyperkahler potential on the quotient ( [2.15| ) is then, for all n, 

Xquotient 

Z MN Z MN ^ ^3_ 2 ) 



and is manifestly SU(2) gauge invariant. The variables (|3.1| ) satisfy a Bianchi-like identity, 

Z MN Z PQ + Z MQ Z NP + Z MP Z QN = g ^ (3 3) 

and the holomorphic constraints ( p.9[ ) imply 

Z MN Z NP = g (3 4) 

We show below how these constraints can be solved for n = 4, 5, 6. 
3.1 n = 4 

In this case the quaternion-Kahler manifold is just one point, and so the hyperkahler cone 
above it must be R 4 . The gauge choice (|2.16| ) does not give the canonical quadratic hy- 



perkahler potential on C , so we look for a different gauge. For n = 4, any antisymmetric 
5 This differs by an overall sign from the conventions of [JO] [Tt[ . 



7 



matrix can be decomposed into its self dual and anti-self dual part. Notice then that ( |3.3|) 
and fl3.4|) are solved by 

Z MN = ±e MNPQ z PQ ) (3 5) 

so that we can parametrize 

Z MN = u%a)*f N u j . (3.6) 

Here, m x ,m 2 are two complex coordinates and {cr)f- N are the standard selfdual matrices^. 

Using sigma-matrix algebra, it is easy to check that the constraints ( |3.3p and ( ^.4[ ) are 
satisfied and the hyperkahler potential becomes simply 

2 

x = 4j2u i u i , (3.7) 

i=l 

which is the Kahler potential of C 2 with flat metric. 
The gauge choice ( |3.6|) for the bilinears z MN implies 

z + — (u, v, iu, iv) , z_ = (iv, —iu, v, —u). (3.8) 

with u 1 = u and u 2 = v. Notice that this SU(2) gauge solves all the constraints (|2.8|) and 

(H). 



3.2 n = 5 

It is well-known that 

" SO@j ~ S P (1) x Sp(l) ~ HP(1) ' (3 ' 9) 

and hence the HKC above it must be H 2 = R 8 . The gauge ( |2.16| ) again does not give the 
canonical, quadratic hyperkahler potential on C 4 , so we search for a more suitable gauge. 
The coordinates z± transform in the vector representation of SO (5): 

z^^O M N zl, M, N = 1, 5 , (3.10) 

We rewrite this in Sp(2) notation by using the Clifford algebra in four Euclidean dimen- 
sions, where all gamma matrices can be taken hermitian. We define 4x4 matrices 

{v ± ) i0 = -Iz^i'Chj h 3 = 1, • • • ,4 , (3.11) 



6 We use the conventions a MN = \{a M a N - a N a M ) with a M = (f,i) and a M = (r, -i). The (f) are 
the three Pauli matrices and i, j indices are raised and lowered with such that (<r)fj N is symmetric. 
We could also choose the anti-selfdual matrices a MN — ^(<r M a N — <r N a M ), but this leads to equivalent 
results. 
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where 7 s = 7 1 7 2 7 3 7 4 and C is the charge conjugation matrix, which can be taken an- 
tisymmetric and with square —1, such that (7 M C)ij is antisymmetric. C serves as an 
Sp(2) metric and can be used to lower and raise (i, j) indices. Hence the matrices v± 
are antisymmetric; the relation (C _1 ) y 'f±ij = 0, then leaves five independent components. 
We can invert ( |3.11| ). 



^ = -I T r( 7 A VC- 1 ) . (3.12) 
Now we introduce £7/7(2) gauge invariant variables analogous to (|3.1| ): 

Wi j = (v+C^v^C- 1 - V-C^v+C- 1 ^ . (3.13) 
The matrix = (wC)ij is symmetric; the relation to ( |3.1| ) is 

It is straightforward to show that the hyperkahler potential (|2.15| ) becomes 

X = a/ Ty(ww^) , (3.15) 

up to an irrelevant overall factor. In these variables, the moment map constraints Q2.9| ) 
are 

z±-z± = Tr {v±C- l v±C~ l ) = , z + ■ = Tr (v+C^V-C- 1 ) = . (3.16) 
Imposing them, one can check that the matrix ww is zero as it should be according to 



Since we know that the HKC is flat, there should be coordinates uf, i — 1, . . . , 4, in 
which the hyperkahler potential is 

4 

X = ^2 / u i u i . (3.17) 

i=l 

If we can find a gauge for v±, satisfying ( |3.16|) , such that 



Wij = UiUj , (3.18) 



then ( |3.15| ) reduces to ( |3.17| ) and we have proven that ( |2.15| ) gives the correct result. 



This can be achieved by choosing the three complex SU (2) gauge conditions 

v +u = w_i3 , v +13 = v_ u = , (3.19) 

and identifying 

f +M = f-13 = Ui , V + i2 = ~U 3 , W_12 = U A . (3.20) 
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Then we solve the moment map constraints fl3.16|) for m +2 3, ^-24 an d t>_ 23 , and Wi 
for f+24- This gives 



M,M 



u l M 3 M 4 . . u\ 
M +23 = — , ^+24 = h U 2 , M_ 2 3 = H «2 , ^-24 = • (3.21) 



Mi Mi Mi Mi 

Using (|3.12|) , ( |3.19D , (|3.20|) and (|3.21|) it is straightforward to find the coordinates z± in 
terms of the flat coordinates Mj for any explicit representation of the Clifford algebra. For 
example, 



2m 3 


_zm| 

Mi 


-iui , 


Mo 

+ u x , 

Mi 


M 3 M 4 
Mi 


+ u 2 , 


OT3M4 

2M 2 

Mi 


2m 4 , 


ZM3M4 
Mi 


- W2 , 


M3M4 

«2 , 

Mi 


uj 

Mi 


+ Mi , 


iuj . • 

h ^Ml 

Mi 



One can easily check that these z^'s satisfy fl2.9|) and give x = Y^t=i u i u i 



3.3 n = 6 

Recall that 

A W _ 517(2) x U(2) ' { ) ~ 50(2) x 50(4) ' 

and hence X(2) = Y(2) and their HKC's must coincide. The hyperkahler potential of 
the HKC of X(n) was obtained in by a U(l) hyperkahler quotient of H n+2 . Denoting 
complex coordinates of H 4 = C 8 by w\ and W-i, i — 1, ...,4, transforming in conjugate 
representations of SU(4), we have 



x(7C) = 2Jw l + w l + w_jW_j , where m; 4 = 1 m/{_ = — M7"M>_ a a = 1,2,3 . (3.23) 



To compare the HKC of Y{2) with ( |3.23| ), we follow the same strategy as for n = 5, 
namely we make use of the local isomorphism SU(4) = 50(6). To this end we define 
£7(1) gauge invariant (and traceless) matrix 

vfj = w\w-j i,j = 1,...,4 , (3.24) 

and write ( |3.23| ) in matrix notation as 

X(X) =2^Ti(ww^). (3.25) 

On the K(2)-side, the coordinates z± , M = 1,...,6 are in the vector representation 
of 50(6), similarly to (|3.10|) . As in the n = 5 case, we rewrite the hyperkahler potential 
(|2.15| ) in SU(4) notation. Then we make gauge choices and solve the holomorphic moment 
map constraints such that ( [2.15] ) coincides with ( 3.25|) . 
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We introduce a basis of selfdual and anti-selfdual four by four matrices rj, r\ and write 

Vii^z^+izl+^z , (3.26) 



where a = 1,2,3 and rf and rf are selfdual and anti-selfdual respectively, see e.g., p2| . 
We can raise and lower pairs of indices using e JjW , 

*v2 = ie ijkl v ± ki, (3.27) 

such that 



z. 



± = Ki * v t . 4 +3 = * ■ (3-28) 



The SU(2) gauge invariant variables can be put in the traceless matrix 

v'j = u- fc j - *v!_ fc v+kj , (3.29) 

and the hyperkahler potential is then, up to a numerical factor, 

X (Y{2)) = v"&(wt) . (3.30) 

The holomorphic moment map constraints (|2.9|) take the form 

Tr(w + * v+) = Tr(w„ * v_) = Tr(w + * u_) = 0. (3.31) 

We must fix a gauge in which the matrices v l j and w i j of (|3.24| ) coincide. This can be 
done by setting 

v+i3 = u-i2 = , w_i3 = -- , (3.32) 

and identifying 

v+i2 = w\ , f +23 = -twj , f-14 = • (3.33) 

We then solve (|3.31|) in such a way that the matrices w and v become equal. The answer 
is 

V+U — —W l + W 2 _ , f +2 4 = W l + W 2 _ + W+W^ , f +34 = — ll^ltf^ , 

2 3 2 2 2 
1 ^4 1 W_W± , 2 1 W±W_ 
V-23 = -o~T ' U -24 = ~2 r~ ' ^-34 = - | 5— . (3.34) 

Using ( |3.28| ) it is straightforward to find z± , M — 1, 6 in terms of «;± TV = 1, 4. 
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4 The Dual Description of the HKC 



As is well known, whenever there is an abelian isometry group one can find a dual descrip- 
tion in terms of N = 2 tensor multiplets. In this section, we consider the noncompact case, 
which is the one relevant for the low energy limit of string compactifications || . The isom- 
etry group of Y{n) is SO(n, 4) (see ( |1.3|) ). Since the coordinates z?,z?, M = l,...,n + 4 
transform in the vector representation of this group, from (|2.15|) it follows that the hy- 
perkahler potential of the HKC of Y{n) is also invariant, as are the two-forms ( p.3|) . 
To find the generators of a maximal abelian subgroup of SO(n, 4) note that any two 



matrices T, T' of the form 



T 



/ a \ 

0a 
\ a* -a* J 



(4.1) 



where a is an arbitrary (n + 2)-dimensional row vector, commute with each other for any 
a, a', and are nilpotent of third order. Such T's are generators in the Lie algebra of the 
pseudo-orthogonal group that preserves the metric r] = diag( — h rj), for any fj. If, for 
example, we arrange the coordinates as follows: (1, 5, 2, 3, n + 4), then the flat metric 
on H n ' 4 has this form, and we can write the generators of an n + 2 dimensional abelian 
subgroup of SO (n, 4) as 

(Ti)m N = (5 l M + 5m)6?°i + Smi(S? - 6? ) , I ^ 1, 5 , (4.2) 

where 07 is defined by t/mn = 8mnVm- It is easy to check that 

{T i )m L t]ln + {T!) n l Vlm = . (4.3) 

We dualize with respect to the subgroup U{l) n+2 generated by the set {T/} by starting 
with the flat space Lagrangian for HI™' 4 , gauging both the n + 2 dimensional abelian 
symmetry found above as well as the SU(2) of Section 2, and constraining the U(l) 
gauge fields with N = 1 tensor multiplet Lagrange multipliers Gj. We also have to solve 
the holomorphic moment map constraints for the action of the 577(2) ( |2.9|) and those for 
the action of the U(l) n+2 : 

z+MZ.^iTj)^ = Vl , (4.4) 

where the vi are N = 1 chiral superfields that together with Gi make up an iV = 2 tensor 
multiplet. Finally, we gauge fix both SU(2) and ?7(1)" +2 . The dual description is given 
by a Lagrangian which is a function of v, v and the real coordinates G. 
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Let us see that all of the above requirements can be fulfilled consistently. Using 
(|4.4j) becomes 

(2+5 - z + x)z-!<ti + 0_i - z_ 5 )z +/ 07 = vj . (4.5) 
The SU{2) action on each pair (z+,z M ) (|2.5|) is fixed completely by setting 

2+1 =2-6 = 0, 2-1 =2+5 = 0. (4.6) 

The [7(1)™+ 2 transformation rules on H n ' 4 , 5z± M = A/(Tj) m N z±n, or explicitly 

&s±i = A/2 ± /(77 , 5z ±5 = A/2 ± /cr/ , 5z ±/ = A/(2±i - 2 ±5 ) , (4.7) 

acquire, on the HKC of V", compensating SU(2) transformations in order to preserve the 
gauge (|4.6p , similar to (|2.20|) . They become 



6z+i = 5z„ 5 = 5<f) = -<7jA/(z + / + 2_/) , 

bz +I = A/0 - -o-j (X j , (4.i 

2 

r \ a 1 Z_ I \j(z +J - 2_j) 2+/AjZ_j 
<52_/ = -A/0 - -<Tj a j . 

Iff) 



The holomorphic SU(2) moment map constraints (|2.9|) reduce to 

<f) 2 = z +I z +J r) IJ , 2 = -z-iz-jri lj , = z +I z_ jr] IJ . (4.9) 
We choose a f/(l) n+2 gauge 

2 +z = l for all 7^1, 5. (4.10) 

Then ( |4.9|) become 

2 = n - 4 , 2 = -zljoj , z_io I = , (4.11) 

which we can solve for and two of the 2_/s. The U(l) n+2 holomorphic moment map 
( |4.5| ) after substituting (|4.6|), (|4.10|) and the solution for is 



-\/n - 4 (z-i + 1) oi = Uj . (4.12) 



As a consequence of ( |4.11| ), there are n independent t>'s. 



The Lagrangian of the dual theory is 

n+4 / N 



£ a N (eV<™) MN (z» z M ) ( ) - E , (4.13) 



Af,JV=l \ ^- / M^l,5 
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after we eliminate all gauge fields in (|4.13 ) via their equations of motion and impose the 
conditions (|4.6|) , ( |4.10|) as well as the solutions to ( [4.11|) , (|4.12|) . Thus the dual description 
is in terms of n N = 1 chiral superfields v and n + 2 N = 1 tensor multiplets G. 

Unfortunately we haven't been able to solve for all gauge fields (V and Vj) explicitly; 
and thus we have not been able to construct the dual Lagrangian. However the analysis 
that we made above shows that there is a consistent solution of all requirements (con- 
straints and allowed gauge choices) for the existence of a dual description. In N = 2 
language, n of the G's combine with the n w's into n N = 2 tensor multiplets and the 
remaining two G's combine into a double-tensor multiplet. This is consistent with the ex- 
pectations from type IIB compactifications Q . There the double-tensor multiplet appears 
naturally: it contains the dilaton, axion and the RR and NS two-forms. 

Though we cannot solve for all gauge fields simultaneously, we can easily solve for 
either the SU(2) prepotential V or all Vj's that gauge the U(l) n+2 . Eliminating the 
first gives the same answer for the dual Lagrangian as (|2.15|) , but with U(l) n+2 gauged 
as above. On the other hand, integrating out the U{l) n+2 gauge fields gives us a dual 
description, although the result is still a function of the SU{2) gauge fields, which for 
convenience we now write as U = e . Using the nilpotency properties of the generators 
(and arranging the indices as 1, 5, 2, . . . , n + 4), 

/ (79.^9 CT 3 V 3 .. \ 





L(n+4)x(n+4) + & 



( £ 



v 3 






-v 2 
-v 3 



a 2 V 2 
cr 2 V 2 





V 



1^1,5 a I V I 






Ei^i, 5 °iVi 2 






<T 3 V 3 














\ 



V 



(4.14) 



a, (3 



,2(n + 4) 



we can rewrite ( 4.13Q as 

Z a M aP a p ZP - cxjGjVj , 

We have denoted Z = (z]_, zl, z\, z 5 _, z\, z 2 _ } ... , z™ +4 , z™ +4 ) and 

/ (l-lEj^j)^ (lEi^j)^ ivMU ia 3 V 3 U 
{-\Y,i°iV?)U {1 + \Y.i°iV?)U ia 2 V 2 U io 3 V 3 U 



(4.15) 



M 



iV 2 U 
iV 3 U 



-iV 2 U 
-iV 3 U 



u 







u 



(4.16) 
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where M is a (n + 4) x (n + 4) matrix of 2 x 2 matrices. The solution for the U(l) n+2 
gauge fields is 



zL \ . / T / zi + zi 



G I -i(zl + zl,zl + z 5 )U\ 7 +z(4,^)f/ 



^ = * '—r- — * '-. (4.17) 



& + -%,zl-£)U[ Z \ Z \ 

1 z — z° 



Finally we note that if we dualize only n + 1 instead of all n + 2 generators of £/(l) n+2 , 
we find n + liV = l tensor multiplets and n+liV = l chiral superfields, or equivalently, 
n + 1 N = 2 tensor multiplets. 



5 Half-hypermutliplets and N = 2 Superspace 

We close with a few comments on other representations of the HKC The half-hypermultiplet 
formulation that we have used so far is not easily described in iV = 2 superspace; however, 
a half-hypermultiplet has an alternative formulation as the double cover of an A\ singu- 
larity, that is, a U(l) hyperkahler quotient of a full hypermultiplet doublet with vanishing 
Fayet-Iliopoulos terms. 

Explicitly, consider a hypermultiplet doublet z±,z±, with z + and Z- in conjugate 
representations of a U(l) gauge group with an iV = 1 gauge prepotential Vq as well as the 
SU (2) gauge group of the previous sections with an iV = 1 gauge prepotential V: 




This must be supplemented by the holomorphic moment map constraints; in particular, 



the holomorphic U(l) moment map is [] i 



4V 1} + 4 2 V 2) = . (5.2) 

We shall see that integrating out Vq, imposing ( |5.2| ), and choosing a convenient gauge for 
the U(l) symmetry gives us back the half-hypermultiplet formulation. 
Integrating out the U(l) gauge field Vq gives [O 



\ 



4" 4 2) ) ( ) ( % ) ^) ( e- ) ( I ] (5.3) 




We can choose a (7(1) gauge 



zf = z W = z. . (5.4) 
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Then the holomorphic U(l) moment map (|5.2|) implies 



_(2) _ Ji) - _ 

Z_ — — Z i = — Z-i 



(5.5) 



Using ( |5.4j ) and ( p.5[ ) we express everything in ( |5.3| ) in terms of z±: 



\ 



*4 



[Z- — Za 



The second factor in the square root can be rewritten as 



(5.6) 



[z- - z+)\ e 



\z_ -z+)\ e 



z+ z-)a 2 [ e v lcr 2 



^+ z_ e 



(5.7) 



Since V is an £77(2) gauge prepotential, we write it as V = V l ai , i — 1, 2, 3, where <Tj are 
the Pauli matrices, and 



(5i 



Hence Q5.7| ) is equal to the first factor under the square root in ( |5.6| ) and we confirm that 
( |5.1| ) is the same as ( |2.10|) (up to an insignificant factor of 2). 

To complete the proof of the equivalence of (|5.1|) and (|2.10|) , we must also compare 
the SU(2) holomorphic moment maps. For the SU(2) moment map is |T8|] 



'+ 

.(2) 







(5.9) 



where Tj are the same generators as fl2-12|) . Using (|5.4j ) and fl5.5|) to express z±' 2 ^ in terms 
of z±, we get the same constraints as (|2.9|). 

Having this description in hand, we can now give the N = 2 projective superspace 
formulation; we use the polar multiplet formulation (for a pedagogical summary as well 
as a definition of our notation, see the appendix B of |T1J ; earlier references are contained 
therein and include |13j)- The HKC for Y{n — 4) has the projective superspace Lagrangian 



L 



N=2 



2m 



(5.10) 
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where each Tj is a doublet of polar multiplets, each e v ^ is a tropical multiplet describing 
a U(l) gauge prepotential (analogous to the N — 1 gauge prepotential), and e v is a her- 
mitian unimodular tropical multiplet describing the SU(2) gauge prepotential. Formally, 
we may integrate out the latter and obtain: 



'N=2 



2m 



2 det 



n 



(5.11) 



The full hypermultiplet description can also be written as a quiver; indeed, the quiver 



for the HKC of Y(l) was explored in quite some detail in the last section of fL4fl . The 
general quiver is a higher dimensional extension of (a cover of) the orbifold limit of the 
D4 ALE space, and is shown in Figure 2: The observation that the HKC of Y(l) is flat 




Fi gure 2: The quiver describing the HKC of Y(n — 4). Each node with a label k represents a factor U(k) 
in the quotient group and each link is a hypermultiplet transforming in the bifundamental of the groups 
at the nodes it connects. An overall U(l) acts trivially, and in our particular example, can conveniently 
be factored out by reducing the U(2) at the central node to SU(2). 



implies that the specific quiver discussed in ||14|| , when the orbifold singularity is blown 
up (rather than removed by going to the cover) gives rise to a genuine 8-dimensional 
ALE manifold that has not been studied before. However, the higher dimensional analogs 
cannot be ALE, as the limit without any blowing up is not flat. 
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